We show finite generation of the algebra of type A conformal blocks over arbitrary stable curves of any genus. As an application we construct a flat family of irreducible normal projective varieties over the moduli stack of stable pointed curves, whose fiber over a smooth curve is a moduli space of semistable parabolic bundles. This generalizes a construction of a degeneration of the moduli space of vector bundles done in a recent work of Belkale and Gibney.
INTRODUCTION
This article is a continuation of our previous work [MY17] on the finite generation of the algebra of type A conformal blocks. Theorem 1.1 (Theorem 6.1). Let X = (C, p) ∈ M g,n be any stable pointed curve. Then the algebra V † X of type A conformal blocks over X is finitely generated.
In [MY17] , we proved the result for X = (P 1 , p) ∈ M 0,n . In this paper, we generalize the result to arbitrary stable pointed curves, including singular curves.
1.1. Degeneration of moduli spaces. In this section we describe an important application of Theorem 1.1.
The geometry of the moduli space of semistable (parabolic) vector bundles has been attracting many geometers during last several decades. Since a very useful method to study the geometry of an algebraic variety is to construct a flat degeneration which possesses good geometric properties, one may wonder what is a good degeneration of the moduli space of (parabolic) vector bundles while we degenerate the base curve (X, p) to a singular curve. As we have a natural smooth family Y → M g,n whose fiber is the moduli space M X (r, O, a) of parabolic vector bundles, one may obtain the degeneration by constructing a compactification Y of Y which admits a morphism Y → M g,n . For n = 0, there have been many works along this direction. See [BG16, Section 11] for the history and references.
Recently, in [BG16, Theorem 1.2], Belkale and Gibney constructed a flat family Y → M g of irreducible normal projective varieties whose fiber over a smooth curve is the moduli space of semistable vector bundles. As an application of Theorem 1.1, we obtain a generalization of their theorem to the moduli space of parabolic bundles. Theorem 1.2. Fix a parabolic weight a. There is a flat family Y → M g,n such that (1) For X = (C, p) ∈ M g,n , Y X ∼ = M X (r, O, a);
(2) Y X is an irreducible normal projective variety for any X ∈ M g,n .
When n = 0 (so a = ∅), our flat family is identical to that in [BG16] . However, even in this special case, our proof is completely different from theirs.
Many compact moduli spaces are constructed as GIT quotients. Thus it depends on a choice polarization, which is in many cases not canonical. On the contrary, the flat family in Theorem 1.2 does not depend on any other auxiliary numerical data except the parabolic weight. Thus we may regard the flat family in Theorem 1.2 as a canonical one.
1.2. Method of proof. Conceptually, the strategy of proofs of Theorem 1.1 and Theorem 1.2 are simple and straightforward. By [Pau96] , for a smooth point curve X ∈ M g,n , V † X is identified with the Cox ring Cox(M X (r, O)) of the moduli stack of rank r parabolic bundles with trivial determinant (This is not true for general stable curves). As a first step, in Section 4.2 we find a parabolic weight a such that Cox(M X (r, O)) = Cox(M X (r, O, a) ) under the assumption that the number of parabolic points is sufficiently large. The main ingredient (Section 3) is a careful computation of the dimension of the unstable locus in M X (r, O), following the method of Sun ( [Sun00] ).
By computing the canonical divisor of M X (r, O, a) in Section 4.3, we prove that M X (r, O, a) is of Fano type. Then by the celebrated result of [BCHM10] , we immediately obtain the finite generation of V † X in Section 4.5. We need to extend the result to two directions: 1) when the number of parabolic points is small and 2) when X ∈ M g,n is singular. We employ two functorial properties of conformal blocks, the propagation of vacua (Theorem 2.15) and the factorization (Theorem 2.16) to describe V † X as a torus-invariant subring of a finitely generated algebra. Then we obtain the finite generation by using Nagata's theorem ([Dol03, Theorem 3.3]).
The proof of Theorem 1.2 is similar. We know that the sheaf of algebras of conformal blocks, defined over M g,n , is fiberwisely finitely generated. At the end of this paper, we describe a sheaf of torus invariant subalgebras over M g,n whose relative Proj is the flat family Y in Theorem 1.2. 1.3. Mori's program. For a Q-factorial projective variety X with trivial irregularity, Mori's program is a classification of all birational models of X which are equivalent or simpler than X. More precisely, it classifies rational contractions of X, which is a projective variety Y with a rational map X Y which is a composition of flips, blow-downs, and fibrations, but not blow-ups.
Mori's program consists of three steps:
(1) Study the cone Eff(X) ⊂ N 1 (X) R of effective divisors;
(2) For each D ∈ Eff(X), calculate the associated projective model
(3) Study the associated rational contraction X X(D).
There are several theoretical obstructions to the completion of Mori's program including the finite generation of the section ring in (1). A Mori dream space (MDS for short) is a projective variety without such difficulties. During the proof of Theorem 1.1, we show that for any general parabolic weight a, the coarse moduli space M X (r, O, a) is an MDS (Corollary 4.13). So one may try to complete Mori's program for M X (r, O, a). In Section 5, we run Mori's program for M X (r, O, a).
Related question.
It is a very interesting problem to describe the degeneration of M X (r, O, a) in Theorem 1.2 as a moduli space of natural objects such as generalized parabolic sheaves on the singular curve. Question 1.3. For X ∈ M g,n \ M g,n , construct a projective moduli space of natural objects which is isomorphic to Y X in Theorem 1.2.
When n = 0, there has been an attempt to describe the flat limit as a moduli space of limit semistable bundles ( [Oss16] ). See [BG16, Section 11] for the discussion.
We expect that the main result of this paper and the outline of the proof can be generalized to the other type of simple Lie algebras. We leave the investigation of this direction to interested readers. Conjecture 1.4. Let g be a simple Lie algebra. For any stable curve X ∈ M g,n , the algebra V † X,g of conformal blocks is finitely generated.
Notation and conventions.
We work on an algebraically closed field C of characteristic zero. To minimize the introduction of cumbersome notation, we discuss parabolic bundles with full flags only. An interested reader may generalize most part of the paper, to the partial flag cases. In many literatures the dual V X of V † X has been denoted by the space of conformal blocks. All moduli stacks are defined over fppf topology.
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MODULI SPACE OF PARABOLIC BUNDLES AND CONFORMAL BLOCKS
The purpose of this section is an introduction of notations and some well known results.
Moduli stacks of parabolic vector bundles.
Let C be a connected reduced projective curve of arithmetic genus g. Let p = (p i ) 1≤i≤n be a collection of n distinct smooth points on C. In this paper, X = (C, p) denotes a pointed curve. We focus on the stable pointed curves, so X = (C, p) ∈ M g,n . We allow non-pointed case, that is, n = 0.
Note that dim W i j = j. Definition 2.2. Let M X (r, d) be the moduli stack of parabolic bundles over X whose underlying vector bundle is of rank r and degree d.
The moduli stack M X (r, d) is a non-separated algebraic stack (not of finite type). When n = 0, so if X = C, M C (r, d) is smooth ([Wan11, Section 6]). For n > 0 and X = (C, p), there is a natural forgetful map
→ E and f is a smooth morphism because each fiber of f is the product Fl(V ) n of flag varieties for an r-dimensional vector space V . Thus M X (r, d) is also smooth, too.
There is another functorial morphism
In other words, M X (r, L) is the moduli stack of parabolic bundles with a fixed determinant L.
There is an open substack of M X (r, L) which has a C * -gerbe structure because any object (E, {W i • }) has at least one dimensional automorphism group given by dilations. To reduce this gerbe structure, we introduce a rigidified stack. L −1 ∈ Pic 0 (C), we have an isomorphism
. A similar argument shows that M X (r, L) ∼ = M X (r, O) for any L ∈ Pic 0 (C).
Coarse moduli spaces of parabolic bundles.
In this section, let X = (C, p) ∈ M g,n be a smooth pointed curve. Most of moduli stacks in the previous section are not separated and not of finite type. To obtain a projective coarse moduli space, we need to impose a stability. On the contrary to the case of ordinary vector bundles, where the slope-stability is the standard choice, there are potentially infinitely many different ways to define the stability, which depend on numerical data. Definition 2.5. Fix n ∈ Z ≥0 . A parabolic weight is a collection of data a = (a 1 • , a 2 • , · · · , a n • ) where each a i • = (1 > a i 1 > a i 2 > · · · > a i r−1 > a i r = 0) is a strictly decreasing sequence of non-negative rational numbers.
Remark 2.6. We may assume that a i r = 0 in Definition 2.5 by the normalization trick ([MY17, Remark 2.5]).
Intuitively, for a parabolic bundle (E, {W i • }), a i j has the role of 'weight' of W i j ⊂ E| p i . The space W 0 of all parabolic weights is the interior of a closed polytope ∆ n r−1 where ∆ r−1 is an (r − 1)-dimensional simplex. Indeed, if we set d j := a i j − a i j+1 and set a i 0 = 1,
, which is the interior of ∆ r−1 . Let W := ∆ n r−1 be the closure of W 0 . Definition 2.7. Let E := (E, {W i • }) be a parabolic bundle of rank r and a be a parabolic weight.
(1) The parabolic degree of E with respect to a is
(2) The parabolic slope of E with respect to a is µ a (E) = pdeg a E r .
Let E := (E, {W i • }) be a parabolic bundle and let a be a parabolic weight. Let F ⊂ E be a subbundle. There is a natural induced flag structure W | i F • on F | p i as the following. Let be the smallest index such that dim( The space W 0 of all parabolic weights have a finite chamber structure given by a finitely many hyperplanes. If there is a strictly semistable parabolic bundle
which is a hyperplane (denoted by H(s, d, {J i })) on R n(r−1) = {(a i j ) 1≤j≤r−1,1≤i≤n }. If we pick a point a on the complement of the union of such hyperplanes, then the stability coincides with the semistability. In this case, we say a is general. Since ∆ n r−1 is compact, there are only finitely many H(s, d, {J i })'s which intersect ∆ n r−1 . For a connected component of the complement, the (semi-)stability does not change, thus there are only finitely many essentially different stability conditions. When g = 0 and L = O, for some weight a, the moduli stack M X (r, O, a) might be empty (The subset of effective weights in W 0 is described in [MY17, Section 6.2]). We say a is effective if M X (r, O, a) is not empty.
Definition 2.10. Suppose that a is general and effective. Then M X (r, O, a) is a proper Deligne-Mumford stack. By Keel-Mori theorem, it has a coarse moduli space, which is smooth and projective ([MS80]). Let M X (r, O, a) be the coarse moduli space.
Remark 2.11. When a is not general (but effective), M X (r, O, a) has a good moduli space in the sense of [Alp13] . We call this good moduli space as M X (r, O, a), too.
In summary, we have the following diagram:
Here ι is an inclusion of the stack, p is the structure morphism to the coarse moduli space. 
There are two functorial morphisms ([BH95, Theorem 3.1], [Tha96, Section 7])
. 2.4. Line bundles on moduli stack of parabolic bundles. Let X = (C, p) ∈ M g,n be a smooth pointed curve. There are two ways to construct the moduli stack M X (r, O).
One way, to construct as a limit of finite type quotient stacks will be presented in Section 3. Here we describe M X (r, O) as a double quotient stack. Pick q ∈ C \ p. The formal neighborhood of q in C can be identified with Spec C((z)). C \ q is a smooth affine variety, so it is isomorphic to Spec A C for some finitely generated algebra A C .
See also [BL94, Sections 1 and 3] for the geometric intuition.
The Picard group Pic(Fl(C r )) is isomorphic to Z r−1 . By Borel-Weil theorem, for any
For any family of vector bundles E parametrized by S, we may construct the determi-
The collection of data L S forms a line bundle L on the moduli stack of vector bundles and parabolic bundles. Indeed, L and F i,λ 's generate the Picard group of the moduli stack.
In particular, Pic(M X (r, O)) is freely generated by {L, F i,ω j } 1≤i≤n,1≤j≤r−1 where ω j is the j-th fundamental weight.
2.5. Algebra of conformal blocks. Fix a pointed stable curve X = (C, p) ∈ M g,n . Note that we allow a singular curve, too. We fix a simple Lie algebra g, ∈ Z ≥0 , and a collection of dominant integral weights λ := (λ 1 , λ 2 , · · · , λ n ) where (θ, λ i ) ≤ . Here θ is the highest weight and (−, −) is the normalized Killing form. By using representation theory of affine Lie algebra, Tsuchiya, Kaine, Ueno and Yamada constructed a finite dimensional vector space V X,g, , λ and its dual space V † X,g, , λ , the so-called space of conformal blocks. For the construction, see [Uen08, Chapter 3]. In this paper, g = sl r and we use the notation V † X, , λ . The construction of V † X, , λ can be relativized over any family of stable curves and it forms a conformal block vector bundle V † , λ on the moduli stack M g,n equipped with a projectively flat connection with logarithmic singularities along the boundary divisors.
The Chern characters of conformal block vector bundles V † , λ defines a semisimple cohomological field theory. In particular, there are several functorial isomorphisms between conformal block vector bundles. Among them, there are two prominent morphisms.
Theorem 2.15 (Propagation of vacua, [Uen08, Theorem 3.15]). Let f : M g,n+1 → M g,n be the forgetful map with respect to the last marked point. Then
Theorem 2.16 (Factorization, [Uen08, Theorem 3.19]).
(1) Let g : M g−1,n+2 → M g,n be the gluing map of the last two marked points. Then
has a commutative graded C-algebra structure. This algebra is called the algebra of conformal blocks of type A. We also obtain a sheaf of algebras V † := , λ V † , λ . When X = (C, p) ∈ M g,n , the following identification is very useful.
Theorem 2.17 ([Pau96, Propositions 6.5 and 6.6]).
He also proved a similar statement for the coarse moduli space.
Theorem 2.18. Fix ≥ 0 and λ = (λ 1 , λ 2 , · · · , λ n ) be a collection of dominant integral weights such that (θ, λ i ) < . Let a be the parabolic weight such that a i j = λ i j / .
(
, then a i j = a i j+1 so a is not a genuine parabolic weight in the sense of Definition 2.5. In this case, we may think M X (r, O, a) and M X (r, O, a) as moduli of parabolic bundles with partial parabolic data. For the detail, see [Pau96, Section 2].
Remark 2.20. The results of [Pau96] was written under the assumption that g ≥ 2. However, on the standard construction of the moduli stack, the construction of the coarse moduli space by geometric invariant theory (GIT) and the identification of spaces of global sections, the assumption is not essential except:
(1) When g(C) = 0, for some a, the moduli stack M X (r, O, a) may be empty. Let M be a C-scheme or an algebraic C-stack whose Picard group is finitely generated free abelian group. The Cox ring of M is
It has a commutative Pic(M)-graded C-algebra structure.
By combining Theorems 2.14 and 2.17, we obtain: Corollary 2.21. As C-algebras,
CODIMENSION ESTIMATION AND A CONSEQUENCE
To prove the main theorem for smooth curves with positive genus, we need to identify the Cox ring of the moduli stack M X (r, O) with that of the coarse moduli space M X (r, O, a) for some parabolic weight a. We adopt the idea of Sun in [Sun00, Section 5] with some refinement.
A construction of the moduli space of parabolic bundles.
We fix a pointed smooth curve X = (C, p = (p i )) of genus g and an ample line bundle O C (1) of degree one on C. 
There is a canonical open embedding
] for some m. Thus we obtain: Proof. By the universal property of the inverse limit, we have a morphism
Since
is an open embedding for all m, the bijectivity is immediate. 3.2. Codimension estimation. The aim of this subsection is to prove the following result, based on the argument of Sun ([Sun00, Section 5]). As in the previous subsection, X = (C, p) is a smooth pointed curve of genus g, a is a general parabolic weight. Recall that g is the genus of C, r is the rank of the parabolic bundles, and n is the number of parabolic points. Then:
(1) codim S(m) us (a) ≥ (r − 1)(g − 1) + 1. In particular, if g ≥ 2, codim S(m) us (a) ≥ 2.
(2) Suppose that g = 1 and n > r. Let a be a general weight which is very close to a c . Then codim S(m) us (a) ≥ 2.
Proof. Because the outline of the proof is similar to that of [Sun00, Proposition 5.1], here we give a brief outline. For the detail, see [Sun00] .
It is clear that the codimension of R(m) us (a) := R(m) \ R(m) s (a) in R(m) is equal to that of S(m) us (a) in S(m). So for notational simplicity, we calculate the codimension of R(m) us in R(m). Note that dim R(m) = r 2 (g − 1) + ν(m) 2 + nr(r − 1)/2.
. Then there is a unique maximal destabilizing subbundle E 1 = (E 1 , {W | i E 1 • }) of rank r 1 and degree d 1 . E fits into the exact sequence
Let r 2 (resp. d 2 ) be the rank (resp. degree) of E 2 , so r = r 1 + r 2 and d 1 + d 2 = 0. There is a collection {J i } of subsets J i ⊂ [n] with |J i | = r 1 such that
We construct a variety F (Y ) parametrizing such E as the following. Let Q k (k = 1, 2) be the Quot scheme parametrizes rank r k , degree d k quotients O(−m k ) ν k → E k → 0.
Here ν k = r k m k + r k (1 − g) and m k is taken sufficiently large so that H 1 (C, E k (m k )) = 0 and H 0 (C, E k (m k )) ∼ = C ν k . Let F k be the universal quotient on Q k × C. Note that there are morphisms Q
Then B h is a locally closed subscheme of B and B = ∪ h≥0 B h . Note that over each B h , R 1 π * F is locally free of rank h.
We define P h as:
(1) P 0 = B and F 0 := F 1 ⊕ F 2 ;
(2) for h > 0, P h := P(R 1 π * F) and F h is the universal extension
We denote the j-th element of J i by J i j and set J i 0 = 0. For each i ∈ [n], let Y i be the subvariety of the flag bundle Fl(F h | p i ) defined by
Since this is a fiber bundle over P h whose fiber is a Schubert variety, we may compute its codimension, which is
Finally, let Y = (× P h Y i ) 1≤i≤n and let F (Y ) be the frame bundle of the pull-back of F h over Y . Then F (Y ) parametrizes triples consisting of a framed unstable parabolic bundle, a framed destabilizing bundle and a framed quotient bundle. By measuring the dimension of F (Y ) and that of a general fiber of F (Y ) → R(m), one can compute the codimension of the image is at least
Any unstable parabolic bundle is in the image of F (Y ) with some r 1 , d 1 , {J i }, and some h. Since there are only countably many choices of those numerical data, one can conclude that the codimension of R(m) us (a) is at least the minimum of (4).
Since E 1 is the maximal destabilizing subbundle, µ b (E 1 ) > µ a (E), or equivalently,
By combining (3), (4), and (5), we can conclude that
A combinatorial computation ([Sun00, Lemma 5.2]) says that the sum in the big parenthesis on the right hand side is strictly positive. So Item (1) in Proposition 3.5 follows immediately. For Item (2), note that each term on the right hand side is either an integer or a multiple of the same unit, which is a slight perturbation of 1 r . Therefore the number inside the parenthesis is at least 1 r − for some > 0. If n > r, then the right hand side is larger than one, so we have the same conclusion.
Remark 3.6. By using the same idea, even in the case of non-general weight a, under the same assumption (g ≥ 2 or g = 1, n > r, and a is close to a c ), one may check that the codimension of the strictly semistable locus S(m) ss (a) \ S(m) s (a) in S(m) ss (a) is at least two. The only difference is that the strict inequality in (5) must be replaced by the equality. The other steps of the computation is identical.
Another immediate consequence is the non-emptiness of the stack. Proof. Item (1) of Proposition 3.5 tells that the codimension of the unstable locus is positive. This implies that there must be a semistable bundle.
FINITE GENERATION
In this section we show Theorem 1.1 for a smooth pointed curve X = (C, p) ∈ M g,n with g ≥ 1. The genus zero case was shown in [MY17] .
Comparison of Picard groups.
Proposition 4.1. Let a be a general parabolic weight. Consider the following two situations:
(1) g ≥ 2;
(2) g = 1, n > r and a is very close to a c .
Then Pic(M X (r, O, a) ) is an index r sublattice of Pic(M X (r, O)) ∼ = Z n(r−1)+1 . In particular, rank Pic(M X (r, O, a)) = n(r − 1) + 1. (r, O, a) ).
Remark 4.2. In [Pau96] Pauly proved that a single explicit line bundle constructed from and λ i descends to M X (r, O, a) . Because his proof relies on a weight computation, the same proof is valid for any line bundle satisfying the divisibility condition.
Comparison of Cox rings.
Proposition 4.3. Let a be a general parabolic weight. Suppose that either (1) g ≥ 2 or;
(2) g = 1, n > r, and a is very close to a c .
Then Cox(M X (r, O)) ∼ = Cox(M X (r, O, a) ).
Proof.
Step 1. By Proposition 4.1, we may identify Pic(M X (r, O)) with Pic(M X (r, O, a) ). Step 3. We show that if L / ∈ im p * , then H 0 (M X (r, O), L) = 0. Note that H 0 (M X (r, O), L) = V † X, , λ for some and λ. When L / ∈ im p * , | λ| :
Take a degeneration X = (C , p ) of X = (C, p) on M g,n such that C is irreducible and has g double points so its normalization C is a rational curve. Let X = ( C, q) ∈ M 0,n+2g where q consists of the inverse image of singular points and marked points p via the normalization map. Since the conformal block forms a vector bundle over M g,n , rank V † X, , λ = rank V † X , , λ . By the factorization (Theorem 2.16),
where the sum is taken over all g-sequences µ = (µ 1 , µ 2 , · · · , µ g ) of dominant integral weights with (µ k , θ) ≤ . Here µ * = (µ 1 * , µ 2 * , · · · , µ g * ).
Since |µ k | + |µ k * | = r , | λ| + | µ| + | µ * | is also not a multiple of r. But for g = 0, V † X, , λ∪ µ∪ µ * is a subspace of the space of invariant factors
Step 4. In summary, H 0 (M X (r, O, a) , L) = Cox(M X (r, O, a) ). Since det is a smooth fiber bundle, ω R(m) ss (a) is the restriction of ω R(m) ss (a)/Pic 0 (C) . In particular, f * det E| R(m) s (a)×{y} has a nonvanishing global section and hence is trivial. Since det Rπ * E and det Q p i ,j are functorial, with abuse of notation,
Finally, by
Step 2 of the proof of Proposition 4.3,
Some lemmas.
In this section, we prove three lemmas that we will use for the proof of Theorem 1.1. Proof. We may assume that p = (p 1 , p 2 , · · · , p n ) and q = (p 1 , p 2 , · · · , p n+m ). Let a be a parabolic weight such that a i • = a i • for i ≤ n and a i j are sufficiently small for i > n. There is a natural 'forgetful' map
. This map is regular, because small weights (a i • ) i>n do not affect on the inequalities for the stability. The morphism between coarse moduli spaces comes from the universal property.
The next lemma is a Mori theoretic interpretation of Theorem 2.18. Lemma 4.9. Let g ≥ 1 and let a be a general parabolic weight. When g = 1, assume further that n > r and a is sufficiently close to a c . Let D be a divisor on
Proof. As before, let λ = (λ 1 , λ 2 , · · · , λ n ). Remark 4.10. Note that a may be a degenerated parabolic weight (Remark 2.19) and M X (r, O, a ) is the moduli space of parabolic bundles with partial parabolic data.
In general, a subalgebra of a finitely generated algebra may not be finitely generated. However, the next lemma shows that we obtain the finite generation for a certain type of graded subalgebras.
Lemma 4.11. Let A be a free abelian group with finite rank. Let R be a finitely generated Agraded C-algebra and π : R → A be the grading map. Let B ⊂ A be a subgroup and let R B := {x ∈ R | π(x) ∈ B}. Then R B is also a finitely generated algebra.
Proof. It is straightforward to check that R B is a subalgebra. Let G := Hom(A, C * ) and H := Hom(A/B, C * ) ≤ G. Since A is a free abelian group, A/B is a direct sum of a finite rank free abelian group and a finite abelian group. Thus H is a direct sum of a torus and a finite abelian group. In particular, H is reductive.
Consider the natural G-action on R:
Then there is a natural H-action on R via the inclusion H → G and R B = R H . By Nagata's theorem ([Dol03, Theorem 3.3]), R H is finitely generated. 4.5. Proof of finite generation. Recall that a projective variety X is of Fano type if there is a Q-divisor ∆ such that (X, ∆) is log Fano. Proof. First of all, assume that a is a general parabolic weight which is sufficiently close to a c . When g = 1, we further assume that n > r. Theorem 4.14. For any smooth pointed curve X = (C, p) ∈ M g,n , the algebra V † X of conformal blocks is finitely generated.
Proof. The case of g = 0 is shown in [MY17] . Assume that g ≥ 1 and n > r. Let a be a small perturbation of a c . By Proposition 4.3, Cox(M X (r, O)) ∼ = Cox(M X (r, O, a)). Since M X (r, O, a) is an MDS by Corollary 4.13, V † X = Cox(M X (r, O)) is finitely generated. When n ≤ r, take a sufficiently large point configuration q ⊃ p and set X = (C, q). There is a forgetful morphism of stacks M X (r, O) → M X (r, O) which forgets flags for p ∈ q \ p. Then Pic(M X (r, O)) is embedded into Pic(M X (r, O)). By propagation of vacua (Theorem 2.15),
V † X, ,(λ 1 ,λ 2 ,··· ,λ n ,0,0,··· ,0) .
The last algebra is precisely V † X Pic(M X (r,O)) (see Lemma 4.11 for the notation). By Lemma 4.11, it is finitely generated. 
MORI'S PROGRAM
. Thus one may identify Pic(M X (r, O)) R with R n(r−1)+1 with coefficients ( , d i j ).
Definition 5.1. Let E ⊂ Pic(M X (r, O)) R ∼ = R n(r−1)+1 be a convex polyhedral cone defined as the intersection of the following half spaces:
(1) ≥ 0, d i j ≥ 0; (2) r−1 j=1 d i j ≤ . Note that E is strongly convex because this is a subcone of the first octant.
The first step of Mori's program, which is the computation of the effective cone, is done by the next proposition.
Proposition 5.2. Let X = (C, p) ∈ M g,n and let a be a general parabolic weight.
(1) If g(C) ≥ 2, then a is dominant. Moreover, Eff(M X (r, O, a)) = E.
(2) Suppose that g(C) = 1 and a is dominant, for example, n > r and a is a small perturbation of a c . Then Eff(M X (r, O, a)) = E.
Proof. Let D ∈ int E be an integral divisor class and ( , d i j ) is the coefficients of D. Set (r, O, a) ). Thus E is in the closure of Eff(M X (r, O, a) ). The latter cone is closed as M X (r, O, a) is an MDS, E ⊂ Eff(M X (r, O, a) ).
If D is not in E, then D violates one of the inequalities in Definition 5.1. Then the associated conformal block V † X, , λ is trivial. Thus the linear system |D| on M X (r, O, a) is empty. Thus D / ∈ Eff(M X (r, O, a) ).
Lemma 4.9 says that for any big divisor D of M X (r, O, a), M X (r, O, a)(D) = M X (r, O, b) for some parabolic weight b. Thus all birational models that we may obtain while applying Mori's program are moduli space of parabolic bundles for some b and any birational rational contractions of M X (r, O, a) are described in terms of wall-crossings of moduli spaces of parabolic bundles (Section 2.3). In particular, if the birational model is also smooth, it is a composition of smooth blow-ups and blow-downs. For a non big divisor, rational contractions are described by Lemma 4.9 and the following lemma.
where b is a partial parabolic weight such that b i = 1 (λ i 1 , λ i 2 , · · · , λ i r−1 ) for i = k and b k = 1 (λ k 1 − λ k r−1 , λ k 2 − λ k r−1 , · · · , λ k r−2 − λ k r−1 ) (the last flag is of type (2, 3, · · · , r − 1)).
Proof. The proof is identical to that of [MY17, Proposition 6.7]. Here we give an outline of the proof. We may assume that k = n.
First of all, suppose that a is sufficiently close to 1 (λ i ). For any E = (E,
is a parabolic bundle obtained as the following. Let E be the kernel of the quotient map E → E| p n → E| p n /W n r−1 → 0.
By the computation in the proof of [MY17, Proposition 6.7], one may check that E is stable with respect to b. Thus we have a functorial morphism M X (r, O, a) → M X (r, O(−p n ), b). This is a P 1 -fibration and of relative Picard number one. Thus M X (r, O(−p n ), b) is a projective model of M X (r, O, a) associated to a nef but not a big divisor lying on a facet of Eff(M X (r, O, a) ). Since the projective models for the facets d i j = 0 are given by Lemma 4.9, M X (r, O(−p n ), b) is associated to one of facets of the form r−1 j=1 d i j = for some i. By the same argument we may conclude that this is a projective model associated to a facet λ k 1 = .
SINGULAR CURVE CASE
The finite generation of V † X for smooth pointed curves, which was shown in [MY17] and Theorem 4.14 implies the finite generation of V † X for arbitrary stable curves. As a corollary, we construct a flat family of irreducible normal projective varieties over M g,n which extends the relative moduli space of parabolic vector bundles. It is a generalization of [BG16, Theorem 1.2]. Theorem 6.1. Let X = (C, p) ∈ M g,n . Then the algebra V † X is finitely generated.
Proof. It is enough to prove for X ∈ M g,n \ M g,n .
Let ν : C = j∈J C j → C be the normalization map. For each singular point x ∈ C, we denote two points in ν −1 (x) by p x and q x . A special point on C is either the inverse image of a marked point or that of a singular point. By abuse of notation, we denote ν −1 (p i ) by p i . For any connected component C j of C, we denote the set of special points on C j by q j . q sing j ⊂ q j is the set of the inverse images of singular points. Let X j = (C j , q j ). Finally, let q = j∈J q j , q sing = j∈J q sing j , and let X = ( C, q).
Let S be the set of sequences µ = (µ y ) y∈q sing where each µ y is a dominant integral weight satisfying (µ y , θ) ≤ and µ qx = µ px * for any singular point x ∈ C. For any j ∈ J where J is the set of irreducible components of C, any λ = (λ 1 , λ 2 , · · · , λ n ), and µ ∈ S , let ( λ µ) j be the assignment of dominant integral weights for q j defined as:
(1) If y = p i ∈ q j \ q sing j , assign λ i ;
(2) If y ∈ q sing j , assign µ y .
Consider the algebra
This is a j∈J Pic(M X j (r, O))-graded C-algebra. By Theorem 4.14, this is finitely generated. Each V † X j is either the Cox ring of a normal projective variety or its torus invariant subring. Thus it is integrally closed ([EKW04, Corollary 1.2] and [Dol03, Proposition 3.1]). The tensor product over the base field C of integrally closed domains is also integrally closed.
By applying factorization repeatedly, we have
Thus, V † X is a subalgebra of j∈J V † X j . More precisely, let K := {(L j ⊗ ⊗ y∈q j F y,λ y ) | j = k ∀j, k ∈ J, λ qx = λ px * ∀p x , q x ∈ q sing }.
Then K is a saturated subgroup of j∈J Pic(M X j (r, O)) defined by finitely many linear equations. Then V † X ∼ = j∈J V † X j K . By Lemma 4.11, this is finitely generated. Now we prove Theorem 1.2.
Proof of Theorem 1.2. The algebra of conformal blocks V † X forms a flat sheaf V † of finitely generated algebras over M g,n . Pick X = (C, p) ∈ M g,n and let A := Pic(M X (r, O)). Then V † is a sheaf of A-graded algebra. For any a, we may find ∈ Z and partitions λ i such that a i j = λ i j / . By putting linear equations a i j = λ i j , we may define a subgroup B ≤ A. Let V † a := V † B be the sheaf of B ∼ = Z-graded algebras V † a,X := V † X B
. By Lemma 4.11, each fiber is finitely generated domain. Since V † X is integrally closed, V † X B
is also integrally closed. By taking Y := Proj V † a , we obtain the desired result. Remark 6.2. Note that if n = 0 and a = ∅, then we recover [BG16, Theorem 1.2].
It would be a very interesting problem to describe special fibers as moduli spaces of some natural objects. We do not know the precise description yet. See [BG16, Section 11.2] for some discussion.
